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Introduction
In his preprint [1], J.M. Landsberg introduces an elementary characterization of
complete intersections (Proposition 1.2 in [1]). The proof of this proposition uses
the method of moving frames. The aim of this note is to present an elementary
proof of Landsberg’s criterion that is valid over any ground field.
1 Notation and statement of results
Let k be an algebraically closed field and PN = Projk[T0, . . . , TN ] the N -
dimensional projective space over k. If F is a homogeneous polynomial in
T0, . . . , TN , we will denote by Z(F ) ⊂ P
N the hypersurface defined by F . If
F is a homogeneous polynomial and x = (x0 : . . . : xN ) ∈ P
N , put dxF =
(∂F/∂T0(z), . . . , ∂F/∂TN(z)) ∈ k
N+1 (actually dxF depends on the choice of
homogeneous coordinates for x; this abuse of notation should not lead to confu-
sion). If x ∈ X , where X ⊂ PN is a projective variety, then TxX ⊂ P
N denotes
the embedded Zariski tangent space to X at x.
If X ⊂ PN is a projective variety, then its ideal sheaf will be denoted by
IX ⊂ OPN and its homogeneous ideal by IX ⊂ k[T0, . . . , TN ]. We will say that
a hypersurface Y = Z(F ) trivially contains X iff F =
∑
GiFi, where Gi’s and
Fi’s are homogeneous polynomials, Fi vanish on X for all i, and degFi < degF
for all i. If Y trivially contains X , then Y ⊃ X . We will say that a hypersurface
W non-trivially contains X iff W contains X , but not trivially.
The following proposition is a slight reformulation of Landsberg’s criterion
(cf. [1, Proposition 1.2]):
Proposition 1.1 For a projective variety X ⊂ PN , the following conditions
are equivalent:
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(i) X is a complete intersection.
(ii) There exists a smooth point x ∈ X having the following property: any
hypersurface W ⊂ PN that non-trivially contains X must be smooth at x.
(iii) For any smooth point x ∈ X and any hypersurface W that non-trivially
contains X, W is smooth at x.
(iv) For any smooth point x ∈ X and any hypersurface W that non-trivially
contains X, TxW cannot contain an intersection
⋂
i TxWi, where each Wi
is a hypersurface s.t. Wi ⊃ X and degWi < degW (it is understood that
the intersection of an empty family of tangent spaces is the entire PN ).
2 Proofs
For the sequel we need two lemmas.
Lemma 2.1 Let F1, . . . , Fr be homogeneous polynomials over k in T0, . . . , TN .
Assume that x = (x0 : . . . : xN ) ∈ P
N is their common zero and that the vectors
dxF1, . . . , dxFr are linearly dependent. Then one of the following alternatives
holds:
1. There is j ∈ [1; r] s.t. Fj belongs to the ideal in k[T0, . . . , TN ] generated by
Fi’s with i 6= j.
2. There are homogeneous polynomials F˜0, . . . , F˜N s.t. the ideals (F0, . . . , FN )
and (F˜0, . . . , F˜N ) coincide, deg F˜i = degFi for all i, and dxF˜j = 0 for
some j.
Proof. Let the shortest linear relation among dxFj ’s have the form
λ1dxF1 + · · ·+ λsdxFs = 0,
where λj 6= 0 for all j. Reordering Fj ’s if necessary, we may assume that
degF1 ≤ degF2 ≤ · · · ≤ degFs. Let t be such a number that degFt = degFs
and degFt−1 < degFs (if degF1 = degFs, set t = 1).
If the polynomials Ft, . . . , Fs are linearly dependent, then it is clear that
one of them lies in the ideal generated by the others and there is nothing more
to prove. Assume from now on that Ft, Ft+1, . . . , Fs are linearly independent.
Then there exists an index j ∈ [t; s] and numbers µi, where i ∈ [t; s] s.t.
Fj =
∑
i∈[t;s]\{j}
µiFi + µj(λtFt + · · ·+ λsFs). (1)
For each i ∈ [1; t − 1], choose a homogeneous polynomial Gi s.t. degGi =
degFs − degFi and Gi(x0, . . . , xN ) = λi, and set
F˜j =
∑
i<t
GiFi +
∑
i≥t
λiFi. (2)
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If F˜j = 0, then Fs ∈ (F1, . . . , Fs−1) and the first alternative holds. Otherwise,
deg F˜j = degFj , dxF˜j = 0 by virtue of (2), and it follows from (1) and (2) that
Fj =
∑
i∈[t;s]\{j}
µiFi + µjF˜j − µj
∑
i<t
GiFi,
whence (F1, . . . , Fj−1, F˜j , Fj+1, . . . , Fs) = (F1, . . . , Fs). Hence in this case the
second alternative holds, and we are done.
The second lemma belongs to folklore. To state this lemma, let us introduce
some notation. Denote by S the set of sequences of non-negative integers δ =
(δ1, δ2, . . .) s.t. δM = 0 for all M ≫ 0. If δ, η ∈ S, we will write δ ≻ η iff there
is an integer i s.t. δi > ηi and δj = ηj for all j > i.
Lemma 2.2 Any sequence δ1 ≻ δ2 ≻ · · · must terminate.
Proof. For any δ ∈ S, set n(δ) = max{j : δj 6= 0}, ℓ(δ) = δn(δ) > 0. If δ ≻ η
and n(δ) = n(η), then ℓ(δ) ≥ ℓ(η). Let us prove the lemma by induction on
n(δ1).
If n(δ1) ≤ 1, the result is evident. Assuming that the lemma is true whenever
n(δ1) < m, suppose that there is an infinite sequence δ1 ≻ δ2 ≻ · · · with n(δ1) =
m. If n(δj) < n(δ1) for some j, we arrive at a contradiction by the induction
hypothesis. Hence, n(δj) = n(δ1) = m for all j and ℓ(δ1) ≥ ℓ(δ2) ≥ · · · > 0.
Thus there exists an integer N s.t ℓ(δj) is connstant for j ≥ N . For any j ≥ N ,
denote by δ′j ∈ S a sequence that is obtained from δj by replacing its last positive
term by zero. It is clear that δ′N ≻ δ
′
N+1 ≻ · · ·, and this sequence is infinite
by our assumption. This is again impossible by the induction hypothesis since
n(δ′j) < n(δj) = m, whence the lemma.
Proof of (ii) ⇒ (i). Put a = N − dimX . Let (F1, . . . , Fr) be a system
of (homogeneous) generators of IX . To any such system assign a sequence
δ(F1, . . . , Fr) ∈ S, where δ(F1, . . . , Fr)i = #{j ∈ [1; r] : degFj = i}. I claim
that
if r > a, then IX = (Φ1, . . . ,Φs), where Φi’s are homogeneous poly-
nomials s.t. δ(F1, . . . , Fr) ≻ δ(Φ1, . . . ,Φs).
To prove this claim, observe that dxF1, . . . , dxFr are linearly dependent since
X is smooth at x and r > codimX . Now Lemma 2.1 implies that either one of
the Fj ’s (say, F1) can be removed without affecting IX , or IX = (F˜1, . . . , F˜r),
where deg F˜j = degFj for all j and dxF˜j = 0 for some j. In the first case, the
required Φ1, . . . ,Φs can be obtained by merely removing F1; in the second case,
hypothesis (ii) shows that F˜j =
∑t
i=1GiΨi, where Ψi ∈ IX and degΨi < deg F˜j
for all j. Replacing F˜j by Ψ1, . . . ,Ψt in the sequence F˜1, . . . , F˜r and putting
s = r + t − 1, we obtain a sequence Φ1, . . . ,Φs s.t. IX = (Φ1, . . . ,Φs) and
δ(F˜1, . . . , F˜r) ≻ δ(Φ1, . . . ,Φs). Since the degrees of F˜j ’s and Fj ’s are the same,
this means that δ(F1, . . . , Fr) ≻ δ(Φ1, . . . ,Φs) as well, and the claim is proved.
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Now we can finish the proof as follows. If r = a, then X is the complete
intersection of Z(F1), . . . , Z(Fr) and there is nothing to prove. If r > a, then
by virtue of our claim we can replace the system of generators F1, . . . , Fr by
Φ1, . . . ,Φs. Let us iterate this process. By virtue of Lemma 2.2 this process
must terminate and by virtue of our claim this is possible only when we have
found a system of exactly a generators of the ideal IX . This means that X is a
complete intersection, thus completing our proof.
Proof of (iv)⇒ (iii)⇒ (ii). Trivial.
Proof of (i) ⇒ (iv). Let X be a complete intersection of the hypersurfaces
Z(F1), . . . , Z(Fa). Assume that a hypersurface W = Z(F ), with F irreducible,
non-trivially contains X and that x = (x0 : . . . : xN ) ∈ P
N is a smooth point
of X ; set m = degF . Since Z(F ) ⊃ X and X is a complete intersection of the
Z(Fi)’s, we see that
F =
∑
GiFi; (3)
since W contains X non-trivially, at least some of the Gj ’s must be non-zero
constants. Reordering Fj ’s if necessary, we may assume that Gj is a constant
(hence, degFj = m) iff 1 ≤ j ≤ s. Taking dx of the both parts of (3), we see
that
dxF =
a∑
i=1
cidxFi, where ci 6= 0 for some i ∈ [1; s]. (4)
On the other hand, assume that Wi = Z(Bi) with irreducible Bi’s. Then
the hypothesis implies that dxF is a linear combination of dxBj ’s, and the fact
that X is a complete intersection of Z(Ft)’s and Z(Bj) ⊃ X implies that, for
each j, there is a relation
Bj =
∑
t>s
GjtFt (5)
(it suffices to sum only over t > s since for t ≤ s we have degFt = degW >
degBj). If we take dx of both parts of (5), we see that, for each j, dxBj is a
linear combination of dxFt’s with t > s. Hence dxF is also a linear combination
of dxFt’s with t > s. Taking into account (4) we see that dxFi’s are linearly
dependent. This is, however, impossible since x is a smooth point of the comlete
intersection of Z(Fj)’s. This contradiction completes the proof.
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